Abstract. We use rigid analytic uniformization by Schottky groups to give a bound for the order of abelian subgroups of the automorphism groups of Mumford curves in terms of the genus. Furthermore, we give a bound for the order of the automorphism group of Shimura curves and we prove that in many cases the only automorphisms on these curves are the modular Atkin-Lehner involutions.
Introduction
The automorphism group Aut(X) of an (smooth, complete) algebraic curve X of genus g ≥ 2 over a field k is always finite and it is an interesting problem to determine its size with respect to the genus. When the ground field k has characteristic 0 and again provided g ≥ 2, it is known that the Hurwitz bound holds: (1) |Aut(X)| ≤ 84(g − 1) and that this bound is best possible in the sense that there exist curves of genus g that admit 84(g − 1) automorphisms for infinitely many different values of g. When char(k) = p > 0 this bound must be replaced by a bound of the form
where f (g) is a polynomial of degree 4 in g [32] , provided X is not any of the Fermat curves x q + y q = 1, q = p n , n ≥ 1, which have even larger automorphism group [21] . For Mumford curves X over an algebraic extension of the p-adic field Q p , Herrlich [12] was able to improve Hurwitz's bound (1) by showing that actually |Aut(X)| ≤ 12(g − 1).
Moreover, the first author in a joint work with Cornelissen and Kato [6] proved that a bound of the form |Aut(X)| ≤ max{12(g − 1), 2 √ 2( √ g + 1) 2 } holds for Mumford curves defined over non-archimedean valued fields of characteristic p > 0. For ordinary curves X over an algebraically closed field of characteristic p > 0 that are not Mumford curves, Guralnik and Zieve [10] announced that there exists a sharp bound of the order of g 8/5 for |Aut(X)|. In [25] , Nakajima employs the Hasse-Arf theorem to prove that |Aut(X)| ≤ 4g + 4 for any algebraic curve X whose group of automorphisms is abelian.
The results of Herrlich compared to Hurwitz and those of [6] compared to Guralnik-Zieve's indicate that if we restrict ourselves to Mumford curves with abelian automorphism group a stronger bound than the one of Nakajima should be expected.
The aim of the first part of this note is studying the size of the abelian subgroups of the automorphism group Aut(X) of a Mumford curve over a complete field k with respect to a non-archimedean valuation. These curves are rigid analytically uniformized by a Schottky group Γ ⊂ PGL 2 (k) and their automorphism group is determined by the normalizer N of Γ in PGL 2 (k).
Our results are based on the Gauss-Bonet formula of Karass-Pietrowski-Solitar, which relates the rank of the free group Γ to the index [N : Γ] and on the characterization of the possible abelian stabilizers N v ⊂ N of the vertices v ∈ T k on the Bruhat-Tits tree of k acted by the group N .
An application of this is a characterization of the triangle Mumford curves that are n-cyclic covers of the projective line ramified at three points.
In the second part of our work we use the circle of ideas developed in this article to study the group of automorphisms of Shimura curves X 0 (D, N ) attached to an Eichler order of square-free level N in an indefinite quaternion algebra over Q of reduced discriminant D > 1 coprime to N .
These curves happen to have 2-elementary abelian automorphism groups and the crucial result which links them with the previous section is a theorem ofČerednik-Drinfeld which stablishes that X 0 (D, N )/Q p is a quadratic twist of a Mumford curve over Q p at all primes p | D. We use this and other tools to prove that
and that in many cases the only automorphisms on these curves are the AtkinLehner involutions.
Abelian automorphism groups of Mumford Curves
Let k be a complete field with respect to a non-archimedean valuation. Letk denote its residue field and let K be a separable closure of k. Let Γ ⊂ PGL 2 (k) be a Schottky group, that is, a discrete subgroup consisting entirely of hyperbolic elements acting on P 1 k with limit set L Γ (cf. [9] ). By a theorem of Ihara, Γ is a free group. The rigid analytic curve
turns out to be the analyfication of a smooth algebraic curve of genus g = rank(Γ) over k which we shall denote X Γ /k. In a fundamental work, Mumford [24] showed that the stable reduction of X Γ is ak-split degenerate curve: all its connected components are rational overk and they meet at ordinary double points rational over k. Conversely, he showed that all such curves admit a rigid analytic uniformization by a free subgroup of PGL 2 (k).
Let T k denote the Bruhat-Tits tree of k. The set of ends of T k is in one-to-one correspondence with the projective line P 1 (k) and we may thus identify P 1 (k) with the boundary of T k .
Let N be a finitely generated discrete subgroup of PGL 2 (k) that contains Γ as a normal subgroup of finite index. The group N acts on T k and by taking an appropriate extension of k, we might assume that all fixed points of N on the boundary P 1 (k) are rational. The rationality of the fixed points of N implies that N acts on T k without inversions. 
Let us denote by star(v) the set of edges emanating from the vertex v. It is known that star(v) is in one to one correspondence with elements in P 1 (k). Since N v fixes v it follows (cf. [6, Lemma 2.7] ) that there is a natural map (2) ρ :
The kernel of ρ is trivial unless N v is isomorphic to the semidirect product of a cyclic group with an elementary abelian group, and in this case kerρ is an elementary abelian p-group [6, Lemma 2.10].
Since Γ has finite index in N , both groups N and Γ share the same set of limit points L. We shall denote by T N the subtree of T k generated by the limit points of L and by T * N the tree generated by the limit and fixed points of N . The trees T N and T * N are acted on by N and we can consider the quotient graphs T N := N \T N and T * N := N \T * N , respectively. The graph N \T N is the dual graph of the intersection graph of the special fibre of the quotient curve
. Notice that if X N has genus 0 then T N is a tree. The quotient graph T N can be seen as a graph of groups as follows: For every vertex v (resp. edge e) of T N , consider a lift v ′ (resp. e ′ ) in T N and the corresponding stabilizer N v ′ (resp. N e ′ ). We decorate the vertex v (resp. edge e) with the stabilizer
Let T be a maximal tree of T N and let T ′ ⊂ T N be a tree of representatives of T N mod N , i.e., a lift of T in T N . We consider the set Y of lifts of the remaining edges
The set Y = {E 1 , . . . , E r } is finite. There are elements g i ∈ N such that g i (t(E i )) ∈ T ′ , where t(E i ) denotes the terminal vertex of the edge E i of Y . Moreover, the elements g i can be taken from the free group Γ. The elements g i act by conjugation on the groups N t(Ei) and imply the relations g i N t(Ei) g
According to [30, Lemma 4, p. 34] the group N can be recovered as the group generated by
where K is the tree product of T ′ . Assume that the tree T ′ of representatives has κ edges and κ + 1 vertices and let v i denote the order of the stabilizer of the i-th vertex and e i the order of the stabilizer of the i-th edge. If f i = |M i | then we will call
the volume of the fundamental domain. Notice that if r = 0, i.e. the quotient graph T N is a tree, then this definition coincides with the one in [6] . Karrass, Pietrowski and Solitar proved in [17] the following discrete GaussBonnet theorem:
In order to obtain an upper bound for the group of automorphisms with respect to the genus we aim for a lower bound for µ(T N ). Observe that if we restrict the 3 sum to the maximal tree T of T N we deduce the following inequality
where equality is achieved if and only if T N is a tree, i.e., if and only if X N has genus 0.
Let S be the set of points of P 1 that are ramified on the cover
Then either (1) G is a cyclic group isomorphic to Z/nZ where (n, p) = 1, S = {P 1 , P 2 } and the ramification indices are e(P 1 ) = e(P 2 ) = n, or (2) G is a dihedral group of the form D 2 ∼ = Z/2Z × Z/2Z, p = 2 and the set of ramified points is S = {P 1 , P 2 , P 3 } with ramification indices e(P 1 ) = e(P 2 ) = e(P 3 ) = 2, or (3) G is an elementary abelian group of the form E(r) = Z/pZ × · · · × Z/pZ of order p r and the ramification locus is S = {P } with ramification index e(P ) = p r .
Proof. Proof. The composition
is injective, since it is not possible for an element of finite order to be cancelled out by factoring out the group Γ. Hence N v is a abelian. The possible kernels of ̺ are collected in [6, Lemma 2.10].
Let v be a vertex of T N decorated by the group N v and assume that there exist s ≥ 1 edges at its star, decorated by groups N v eν ⊂ N v , ν = 1, ..., s. We define the curvature c(v) at the vertex v as follows:
It is obvious that the following formula holds:
In what follows we try to give lower bounds for the curvature of each vertex. Assume that for a vertex v and for an edge e ∈ Star(v) we have N v = N e . Then the terminal vertex v ′ of e is decorated by a group N v ′ ⊇ N e and the contribution of the edge to the tree product is the amalgam N v * Ne N v ′ = N v ′ . This means that the edge e can be contracted without altering the tree product. We shall call a tree of groups reduced if for all vertices v and edges e ν ∈ Star(v) we have |N v | > |N eν |. From now on we shall assume that the tree T is reduced.
For an element γ ∈ N , let the mirror of γ be the smallest subtree M (γ) of T k generated by the point-wise fixed vertices of T by γ.
Let γ ∈ N be an elliptic element (i.e., an element of N of finite order with two distinct eigenvalues of the same valuation). Then γ has two fixed points in P 1 (k) and M (γ) is the geodesic connecting them.
If γ ∈ N is a parabolic element (i.e., an element in N having only one eigenvalue), then it has a unique fixed point z on the boundary P 1 (k).
be the corresponding geodesic on T k connecting P 1 , P 2 and Q 1 , Q 2 respectively. For the intersection of the geodesics g(P 1 , P 2 ) and g(Q 1 , Q 2 ) there are the following possibilities:
Proof. The fact that these are the only possible arrangements of the two geodesics follows from the simply-connectedness of T k . For a detailed description on the arrangement of the geodesics with respect to the valuations of the cross-ratio of the points P 1 , P Proof. If γ and γ ′ generate a cyclic group, there exists an element σ such that
Since any non-trivial elliptic element has exactly two fixed points, it is immediate that γ, γ ′ and σ have the same set of fixed points.
Conversely if γ, γ ′ have the same set of fixed points, say 0, ∞, then a simple computation shows that γ, γ ′ are of the form
where a/d and a ′ /d ′ are roots of unity. Hence there exists σ ∈ PGL 2 (k) such that σ i = γ and σ
Proof. By Lemma 1.4, the stabilizers N v at all vertices v such that (|N v |, p) = 1 are abelian subgroups of PGL 2 (k). Let F γ and F γ ′ denote the sets of the fixed points of γ and γ
can not be cyclic again by Lemma 1.6. In this case, any vertex v ∈ M (γ) ∩ M (γ ′ ) is fixed by γ, γ ′ , which must be isomorphic to D 2 by Lemma 1.3. 
We have
• c(v) = and equality is achieved if s = 2 and
By Lemma 1.7 we have that the stabilizers of all edges at the star of v are trivial. Indeed, if there is an edge e ∈ star(v) with Z µ = N e > {1} then the edge e is fixed by a cyclic group Z m , where m | n. Let σ be the generator of Z n and let σ κ be the generator of Z m . The elements σ, σ κ have the same fixed points. Hence a lift of the edge e in T N will lie on the mirror of σ. But then N e = N v and this is not possible by the reducibility assumption. See also [12, Lemma 1]. If n > 2 then
and equality holds only if s = 1, n = 3. If n = 2 and c(v) > 0 then s ≥ 2, and
• Assume that N v = E(r). Then s = 1 and it follows from Lemma 1.8 that
and equality holds only if p r = 3.
.
If we exclude the groups of Table 1 then
The case N = Z 2 * Z 3 gives rise to a curve of genus 2 whose automorphism group is a cyclic group of order 6. The case N = D 2 * Z 3 gives rise to a curve of genus 3 with automorphism group Table 1 .
Proof. Let T denote a maximal tree of T N . Since g ≥ 2 and therefore µ(T N ) > 0, we have by Proposition 1.2 that
, Table: 1. In this case we have the following bound
Similarly as above we obtain that
Example: Subrao Curves. Let (k, |·|) be a complete field of characteristic p with respect to a non-archimedean norm | · |, so that F q ⊂ k, where q = p r is a power of the characteristic. We define the curve:
with |c| < 1. This curve was introduced by Subrao in [33] and it has a large automorphism group compared to the genus. This curve is a Mumford Curve [6, p. 9] and has chessboard reduction (cf. fig:1 ). It is a curve of genus (q−1) 2 and admits the group G := Z r p × Z r p as a subgroup of the automorphism group. The group G consists of the automorphisms σ a,b (x, y) = (x + a, y + b) where (a, b) ∈ F q × F q . The discrete group N ′ corresponding to G is given by Z p r * Z p r and the free subgroup Γ giving the Mumford uniformization is given by the commutator [Z p r , Z p r ], which is of rank (q − 1)
2 [30] .
The Karass, Pietrowski, Solitar formula yields
while the bound is given by
Notice that the group N ′ is a proper subgroup of the normalizer of Γ in PGL 2 (k), since the full automorphism group of the curve is isomorphic to Z 2r p ⋊ D p r −1 [6] . by using uniformization theory for Riemann surfaces. These curves are all the possible curves that arise as cyclic n-covers of the projective line ramified exactly above 3-points. These covers are called Belyi covers, after the remarkable result of Belyi [3] characterizing Riemann surfaces defined over the algebraic closure of Q. Let C p denote the completion of an algebraic closure of the p-adic field Q p . In the case of Mumford curves we have already a limited number of possibilities for the so called p-adic Schwarzian groups of Mumford type, i.e., finitely generated discrete groups N ⊂ PGL 2 (C p ) that correspond to ramified covers of the projective line above three points.
F. Kato [15] proved that these groups appear only in characteristics p = 2, 3, 5 and was able to characterize them. The list of such groups implies that no curve of the form (3) of genus g ≥ 2 can be a Mumford curve over C p . Indeed, if any of these curves X were a Mumford curve, then X would admit a rigid analytic uniformization of the form X = Γ\(P 1 Cp − L Γ ) for a free group Γ of rank g ≥ 2.
Let N be the normalizer of Γ in PGL 2 (C p ). Let ζ be a primitive n-th root of one. The automorphism σ : (x, y) → (x, ζy) generates an abelian subgroup of N/Γ = Aut(X). This yields that there exists a finitely generated discrete subgroup N ′ of N such that N ′ /Γ = σ and X → N ′ \X is a cover of P 1 ramified above three points. This would mean that N ′ should be a tree product with abelian groups at each vertex and this can not happen as one sees from the classification of F. Kato. This result is compatible with a recent article [4] of P.E. Bradley where he proves that every Mumford cyclic cover of the projective line is ramified at an even number of branch points. Since the group N acts without inversions, the stabilizer of a vertex is the intersection of the stabilizers of the limiting edges. It again follows that N e ⊆ Z/2Z × Z/2Z. Finally, we obtain from its very definition that µ(T N ) = a/4 for some a ∈ Z.
For the case ℓ > 2 we observe that Z/ℓZ is the only abelian subgroup of PGL 2 (F p m ) and it follows similarly that µ(T N ) = a/ℓ for some a ∈ Z.
Remark 1.12. If the prime ℓ is equal to the characteristic of the residue field is p, then we can have elementary ℓ-abelian groups of arbitrary order and the proposition is no more valid.
As an immediate corollary of Proposition 1.11 we obtain the following formula for the ℓ-elementary subgroups of the group of automorphisms of Mumford curves. Let us warn that the result below actually holds for arbitrary algebraic curves -as it can be proved by applying the Riemann-Hurwitz formula to the covering X −→ X/Abut we quote it here for the convenience of the reader, since it may be useful in many cases as we shall see in the next section. 
Shimura Curves
Let Γ ⊂ PSL 2 (R) be a congruence subgroup and let X Γ denote the compactification of the Riemann surface Γ\H. Let N Γ = Nrm PSL 2 (R) (Γ) denote the normalizer of Γ in PSL 2 (R). The group B Γ = N Γ /Γ is a finite subgroup of Aut(X Γ ).
When the genus of X Γ is 0 or 1, Aut(X Γ ) is not a finite group and necessarily Aut(X Γ ) B Γ . However, one expects that there exist finitely many congruence groups Γ for which g(X Γ ) ≤ 1. One actually expects much more, as we claim in the following conjecture.
Conjecture 2.1. Aut(X Γ ) = B Γ for all but finitely many congruence groups Γ ⊂ PSL 2 (R).
Remark 2.2.
[8] The above conjecture can not be true for the wider family of arithmetic subgroups of PSL 2 (R). As an example for which the conjecture fails, let X(2) be the classical modular curve of full level structure Γ(2) (cf. below). This is a rational curve with three cusps and no elliptic points. If we choose a rational coordinate z for which the cusps are at 0, 1 and ∞, then z 1/n is a rational coordinate for a subgroup of index n in X(2). This subgroup is not congruence for n large enough, but it is arithmetic. The corresponding curve has genus 0 and the automorphism group is not finite.
We call exceptional those congruence groups Γ for which the genus of X Γ is at least 2 and Aut(X Γ ) B Γ .
The conjecture as we have stated remains widely open, although it is motivated by several positive partial results towards it. The first general statement is the following classical result of Riemann surfaces. 
Let X(D, N ), X 1 (D, N ) and X 0 (D, N ) denote the corresponding Shimura modular curve of discriminant D and level N (cf. [2] ). When D = 1, these are just another names for the classical modular curves X(N ), X 1 (N ) and X 0 (N ) which classify elliptic curves with various level structures. When D > 1, these curves still admit a moduli interpretation in terms of abelian surfaces with quaternionic multiplication (cf. [2] ). Finally, note that when N = 1 we have X(D, 1) = X 1 (D, 1) = X 0 (D, 1) and we shall simply denote this curve by X D . In any case, Shimura curves always admit a canonical model over Q which we still shall denote X 0 (D, N )/Q.
Several results towards Conjecture 2.1 regarding the above families of curves have been achieved by different authors:
• Aut(X(N )) = B Γ (1,N ) for all values of N such that g(X(N )) ≥ 2 (cf. [31] for N prime; [19] for composite N ). The analogous result in positive characteristic for the Drinfeld modular curves X(N) has been achieved in [6] .
• Aut(X 1 (N )) = B Γ1 (1,N ) for all values of N such that g(X 1 (N )) ≥ 2 ( [23] ).
• 
Proof. The Jacobian variety J of X 0 (D, N )/U is isogenous over Q to a subabelian variety of the Jacobian variety J 0 (DN ) of the modular curve X 0 (DN ). Since DN is square-free, J 0 (DN ) is well-known to have semi-stable reduction over Q. The proposition now follows for instance from [1, Proposition 2.4] . Throughout, let s ≥ r be the integer such that |Aut(X 0 (D, N ))| = 2 s . Under our assumptions, the groups Γ 0 (D, N ) contain no parabolic elements and the only elliptic points on these curves are of order 2 or 3.
For any prime p | DN , set
With this notation, the cardinality e k of elliptic points of order k = 2, 3 is given by 
which is a (possibly non-free) finitely generated discontinuous subgroup of PGL 2 (Q p ). Cerednik and Drinfeld constructed a (possibly non-regular) projective scheme
is the quadratic twist of the Mumford curve
For any two coprime square-free integers δ, ν ≥ 1, let h(δ, ν) denote the class number of any Eichler order of level ν in a quaternion algebra of reduced discriminant δ over Q, which counts the number of one-sided ideals of the order up to principal ideals. An explicit formula for h(δ, ν) may be found at [35, p. 152] .
Following [20, Sections 4 and 5] and [11, Section 3] , the special fiber of M 0 (D, N )⊗ Z p is described up to a quadratic twist by the finite graph G = Γ + \T Qp , regarded as a graph with lengths. Each vertex v and edge e of G is decorated with the order ℓ(v) (resp. ℓ(e)) of the stabilizer of v (resp. e) in Γ + , which we call its length. Geometrically, an edge of length ℓ corresponds to an intersection point of two rational
In particular, any automorphism of X 0 (D, N ) induces an automorphism of G which leaves the set of edges of given length invariant.
The number of vertices of G is 1 2h(D/p, N ) and that of edges is h(D/p, N p). The set of vertices of G may be written as Assume that (D/p, N ) = (2, 1), (3, 1) . Then all lengths of vertices and edges are 1, 2 or 3. By [20, Formula 4-2], for k = 2, 3, the cardinality h k of vertices in V of length k is
If v is a vertex of length k = 2 or 3, the number of edges of length k in its star is 1 + ( 
For any order R in a quadratic imaginary field K, let cond(R) denote its conductor, h(R) or h(disc(R)) its class number and let CM(disc(R)) denote the set of complex multiplication points on X 0 (D, N ) by the order R. Their coordinates on X 0 (D, N ) generate the ring class field H R over K. By [27, Section 1], 
